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Control of Surface Configuration of
Nonuniformly Heated Shells

David Bushnell*
LockheedPalo Alto Research Laboratories, Palo Alto, Calif.

The effectiveness of arbitrary distributions of concentrated loads (actuators) in controlling the surface quality
of spherical caps and circular plates is determined by a numerical analysis. The residual root-mean-squared (rms)
surface error of sandwich and monocoque shells is calculated as a function of the number, placement, and type
of actuators. It is found that for a spherical cap with sandwich wall, diameter-to-thickness ratio of 400, and
radius of curvature-to-thickness ratio of 2000, about 100 force actuators are required to reduce an initial rms
surface error by two orders of magnitude.

Introduction

ABRIEF review of the literature on "active optics" is
given in Ref. 1. By "active optics" is meant the control

of one or more optical surfaces in an optical system to
counteract the effects of changes in the environment. The
results presented here are derived from the theory developed
in Ref. 1. The main purpose of this paper is to determine rms
residual errors in surfaces which have been warped by
nonuniform temperature. This rms surface error is a function
of the temperature distribution, the properties of the spherical
cap, and the number, placement, and type of actuators.

The problem of counteracting initial surface distortions
statically by means of application of various distributions of
concentrated loads is treated with use of two computer
programs, BOSOR6 and ACTUATOR. The BOSOR6
program2 predicts the initial distortions of axisymmetric
surfaces resulting from nonaxisymmetric temperature or
other disturbance as well as the deflections caused by unit
concentrated forces or unit self-equilibrating moment pairs
which simulate force or moment actuators. Concentrated
loads are expressed as Fourier series expansions of cir-
cumferentially varying line loads. In BOSOR6 the in-
dependent variables, meridional arc length s and cir-
cumferential coordinate 0, are separated. The meridional
coordinate is discretized and the normal displacement
distribution fn (s) for each Fourier harmonic is determined by
minimization of a potential energy functional with respect to
the nodal point displacement components. A collection of
unit load influence functions fin ( s ) , /=1,2,.../; A? = 0,1,2,...
Nmax is generated corresponding to actuators located at /
different meridional (radial) stations and 7Vmax cir-
cumferential harmonics. The ACTUATOR program
calculates actuator forces or moments that cause the mean-
squared residual surface error to be minimized.

Numerical Results

Summary of Cases Analyzed
The method just described was used to investigate the

behavior of various mirrors with diameter of 4 m. Table 1
gives the matrix of analyses performed. The radius of cur-
vature of the shells is 20 m; each face sheet of the sandwich
wall is 1-mm thick and the core is 8-mm thick; Young's
modulus of the face sheets of the sandwich and of the
monocoque shell is 6.74 x 1010 N/m2 and of the core of the
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sandwich is 6.74x 103 N/m2 . Poisson's ratio is 0.3, and the
thermal expansion coefficient is 0 .03xlO~ 6 per °C. In the
thermal stress cases the temperature rise varies linearly
through the thickness, being zero on the back face of the
mirror. The mirror surface temperature is nonuniform along
the meridian and around the circumference. In the BOSOR6
analysis 33 nodal points were used in the meridional
discretization.

Distortions from Nonuniform Temperature Distribution
Figure 1 shows the temperature distribution and resulting

initial distortion predicted by BOSOR6 for the 1-cm thick
sandwich flat plate and the spherical cap. Four cir-
cumferential harmonics (/? = 0,1,2,3) are used for the
nonuniform temperature distribution. The maximum tem-
perature Tmax for each circumferential harmonic is arbitrarily
chosen to be 1000°C, and the meridional variation of tem-
perature for each of the harmonics A? = 0,1,2, and 3 is chosen
in the form of a Zernike polynomial3 appropriate to that
harmonic. The purpose of using Zernike polynomials is
merely to cause mirror distortions of the sort that specialists
in optics have names for, such as defocus (/7 = 0), spherical
aberration (/? = 0), tilt (« = 1), coma (« = !), astigmatism
(ft = 2), etc. The linear temperature gradient through the wall
thickness gives rise to a rapidly varying normal displacement
field near the edge of the mirror which requires many ac-
tuators to correct, as shall be seen.

Residual Surface Error as a Function of Number and Placement of
Actuators

Figure 2 shows the initial distortions in the mirrors
corresponding to the cases listed in Table 1 for force ac-
tuators, and the counteracting distortions caused by N ac-
tuators. The actuator loads are represented by Fourier cosine
series with 40 harmonics. The residual surface error, not
shown in Fig. 2, is the sum of the initial distortion and the
counteracting distortion caused by the force actuators. The
force actuators are represented as circumferentially varying
line loads as given by Eq. (1) in Ref. 1. These line loads are
spread over equal angle sectors (-5 deg<0<5 deg), so that
actuator forces at larger radii occur over longer arc lengths
than do those at smaller radii, a physically unrealistic
arrangement. However, as discussed in Ref. 1, the results
obtained in this study are not sensitive to this local cir-
cumferential "smearing out" of the concentrated loads as
long as the load is concentrated within a sector of less than
about 10 deg. Figure 2A applies to the 1-cm thick sandwich
shell. The initial distortion is caused by the nonuniform
temperature field shown in Fig. la. Figure 2B applies to the
1-cm thick sandwich flat plate. The initial distortion is
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a) '0-8 ' looo
Fig. 1 Temperature rise on mirror surface and distortions generated in a sandwich flat plate and a spherical cap: a) meridional distribution of
temperature rise at 0 = 0 deg for four circumferential harmonics, /i = 3, 2, 1, and 0, b) meridional distribution of normal displacement at 0 = 0 deg
for four circumferential harmonics, n = 3, 2, 1, and 0, c), d) isometric views of the distortion corresponding to a superposition of the four harmonic
functions shown in b.

•d) THERMAL DISTORTION OF SANDWICH SHELL

•a) INITIAL ZERNIKE POLYNOMIAL DISTORTION
(1 cm SANDWICH SHELL)

Fig. 2 Initial mirror distortions and counterdistortions caused by N force actuators trying to correct the initial distortion.
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Table 1 Analysis matrix for the study of 4-m-diam curved and flat mirrors

Mirror
geometry

(diameter = 4 m )

Ini t ia l disturbance
derived from thermal

stress analysis

Distortion
prescribed
(Zernike

polynomials)
Force

actuators
Moment
actuators

1-cm thick
sandwich

shell (R = 20m)

1-cm thick
sandwich
flat plate

3-mm thick
monocoque

shell (R = 20m)

generated as in Fig. 2A. Figure 2C applies to the 1-cm thick
sandwich shell. The initial distortion is prescribed by Zernike
polynomials with « = 0, 1, 2, and 3 circumferential waves up
to fourth order in r and even in 6. Figure 2D applies to the 3-
mm thick monocoque shell. The initial distortion is generated
by the nonuniform temperature field shown in Fig. la.

One of the most important parameters of this analysis is
7Vmax, the maximum number of circumferential waves used in
the Fourier series representation of each concentrated ac-
tuator load. The residual rms surface configuration error
ratio E [Eq. (11) of Ref. 1] is sensitive to Nmax if the number
of actuators is fairly large and if an insufficient number of
circumferential harmonics has been used to represent the
actuator load. The initial distortions in the cases investigated
here contain only harmonics less than or equal to n = 3 cir-
cumferential waves. The low-order terms are approximately
cancelled by the low-order terms of the Fourier series
representation of the concentrated actuator loads, with the
result that the residual surface error consists mainly of higher-
order, harmonics. Physically, these higher-order terms
correspond to the local distortions generated by the actuators.
Figure 3 clearly shows this effect. The ripples are most
pronounced at the mirror edge near 0 = 0 because of the
relatively large actuator forces required there to counteract
the localized bending generated by the thermal gradient
through the mirror thickness. These actuator forces are shown
in Fig. 8a. With a large number of actuators, it is necessary to
use more than 20 circumferential harmonics for the series
expansion for the line load [see Eq. (1) of Ref. 1] in order to
obtain an accurate value of the rms error ratio E [E = (rms
residual error)/(rms initial error)].

It is emphasized that in a two-dimensionally discretized
finite-element model of this phenomenon it is necessary to use
a much finer grid in order to obtain accurately the residual
error E than would be required for accurate representation of
the initial disturbance. Unfortunately, a too crudely
discretized model leads to underestimation of the residual
surface error.

As shown in Figs. 4a and 4b, the residual surface error ratio
E is rather sensitive to the distribution of actuators, given a

- 0.007 E - 0.013

a) 20 FOURIER HARMONICS

Fig. 3 Residual rms error in surface configuration for a
nonuniformly heated 1-cm thick sandwich shell with TV =112 force
actuators.

b) 40 FOURIER HARMONICS

surface configuration for

constant number of them. The best distribution depends on
the mirror properties and on the initial distortion to be
corrected. Favorable actuator locations are determined from
the results of numerical experiments. For the cases treated
here it appears to be best to increase the actuator density
somewhat toward the edge of the mirror and to stagger the
circumferential locations at successive radii, as shown in the
lowest right-hand case (No. 6) of Fig. 4a. It is not known at
present whether this placement of actuators would be
favorable for correction of most distortions likely to be en-
countered in practical applications.

Figures 5-1 1 give the results of a study of the change in rms
residual surface error with increasing numbers of actuators.
Figure 5 shows the actuator distributions used in this in-
vestigation. Figure 6 gives the residual error vs the number of
actuators for the 1 -cm-thick sandwich shell with two different
initial distortions, one generated by nonuniform temperature,
as shown in Fig. Id, and the other consisting of Zernike
polynomials3 as follows:

w(r,6)=0.2[[l+(2r2-l)

(1)

Figure 2C shows the initial Zernike polynomial distortions
with certain n = 0 and n-\ circumferential components
removed for the best fit sphere, as shown in Fig. 5 of Ref. 1.
For less than 20 actuators, the residual error for the thermally
stressed mirror decreases much more rapidly than does the
error for the Zernike distortion. Perhaps this is because the
thermally induced distortions, arising as they do from a
physical phenomenon, represent largely inextensional strains
which can be approximately counteracted with few actuators.
However, for more than 40 and less than about 100 actuators,
the residual error for the thermally stressed mirror decreases
more slowly than does the error for the Zernike distortion,
probably because the temperature gradient through the mirror
thickness give rise to local curling near 0 = 0 which is difficult
for the force actuators to counteract (see Fig. Id).

Figure 7 demonstrates that effective correction cannot be
achieved with a reasonable number of force actuators if the
diameter-to-thickness ratio D/t and the radius of curvature-
to-thickness ratio R/t are extremely high, as is the case for the
3-mm thick monocoque shell. The sandwich shell treated here
acts much like a flat plate. The results for the flat plate, in-
cidentally, are independent of D/t. In fact, given an initial
temperature distribution, the residual errors shown here
would hold approximately for mirrors with the same

= (D/te )2/ ( R / t e ) (2)
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Fig. 5 Actuator locations used for the investigation of change in rms
surface error ratio E with increasing number of actuators.

E-.0515
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E-.0314

E-.0302 E-.Q222 0.01

b)
Fig. 4 a) Actuator locations used for the study of the dependence of
rms surface error ratio E on actuator distribution. The total number
of actuators is held almost constant in this study (N= 70); b) rms error
ratio E and residual surface error distribution for the thermally
stressed 1-cm thick sandwich shell with force actuators distributed as
shown in a.
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Fig. 6 rms surface error ratio E vs number of force actuators TV for a
1-cm thick sandwich shell with two different initial distortions, that
shown in Fig. Id and that shown in Fig. 2C.

In Eq. (2) t
given by

is the thickness of an equivalent monocoque wall,

(3)

where t is the total thickness of the sandwich wall.
Equation (3) is valid if the face sheets are thin compared to

the total thickness t. For the flat plate A = 0 and for the 1-cm
thick sandwich shell A = 46.2. The actuated mirror tested by

Robertson4 had X=10.5 and 60 actuators distributed
uniformly over the surface. Notice that the point on the curve
for the monocoque shell in Fig. 7 corresponding to the highest
number of actuators (7V=117) is associated with a larger
residual error than is the point for 112 actuators. In order to
increase the number of actuators on the edge from 24 to 48,
some actuators were removed from the interior region.
Apparently this was a bad strategy for the very thin mirror.
However, the same strategy was beneficial for the 1-cm thick
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Fig. 7 rms surface error ratio E vs number of force actuators
the three thermally stressed mirrors shown in Figs. 2A, B, and D.

for

sandwich shell and the flat plate. Thus, it is hard to tell in-
tuitively what the most advantageous distribution of actuators
is, even for known and fixed distortions. The present state-of-
the-art is to determine the best actuator placement by
numerical experiments. It would indeed be beneficial to have

some automated way of optimizing the actuator distribution
given a fixed number of actuators.

From Fig. 7 it appears at first glance that the 1-cm thick
sandwich flat plate will have a lower residual surface figure
error than the 1-cm thick sandwich shell as long as there are
more than about 60 actuators. However, the nonuniform
temperature field given in Fig. la causes an initial rms
distortion of 5 . 7 4 x l O ~ 4 m in the flat plate but only
3.75 x 10 ~ 4 m in the shell. For 7V=117 actuators the residual
surface figure error is 3 . 7 1 x l O ~ 6 m in the flat plate and
3.20x 10 ~6 m in the shell. It turns out that for the particular
temperature distribution and actuator distributions used in
this analysis, the thin shell has the lowest residual error
throughout the range of TV investigated.

Figures 8 and 9 show the actuator force distributions and
residual error for the four cases depicted in Fig. 2. The lengths
of the arrows are proportional to the actuator forces. The
largest residual errors are generally in the neighborhood of the
edge of the mirror.

One can see from Fig. 10 that with more than about 80
actuators it is necessary to use more than 20 Fourier har-
monics to represent the concentrated load. The point labeled
"20 circumferential harmonics" for 112 actuators un-
derestimates the residual error by approximately a factor of 2.
This result indicates that a good design would have the ac-
tuators push against nonstructural pads that spread the
concentrated loads over larger portions of the circumference
without unduly increasing the actuator forces required to
achieve a given correction.

Also shown in Fig. 10 is a curve of residual error vs number
of self-equilibrating moment actuators of the type depicted in
Fig. l ib . The slow rate of decrease of the surface con-
figuration error with increasing number of moment actuators

0.020
Fig. 8 Actuator forces and residual error for increasing number of actuators TV. Actuators are distributed as shown in Fig. 5: a) 1-cm thick sand-
wich shell initially distorted by the nonuniform temperature distribution as shown in Fig. Id, b) 1-cm thick sandwich shell initially distorted by
prescribed Zernike polynomial normal displacements as shown in Fig. 2C.
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a)

.018

59.1NEWTONS
E - .008

12.9NEWTONS N - 117 E » .076
Fig. 9 Actuator forces and residual error for increasing number of actuators N. Actuators are distributed as shown in Fig. 5: a) 1-cm thick sand-
wich flat plate initially distorted by nonuniform temperature distribution as shown in Fig. Ic, b) 3-mm thick monocoque shell initially distorted by
nonuniform temperature distribution as shown in Fig. 2D.
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Fig. 10 rms surface error ratio E vs number of force or moment
actuators for the 1-cm thick sandwich shell initially distorted by
nonuniform temperature as shown in Fig. Id.

A MOMENT ACTUATOR MODEL OF ACTUATOR FOR BOSOR6

!b) SELF-EQUILIBRATING MOMENT ACTUATOR
Fig. 11 rms error ratio E and residual surface figure error
distribution for the 1-cm thick sandwich shell initially distorted by
nonuniform temperature as shown in Fig. Id and corrected by self-
equilibrating moment actuators as distributed in Fig. 5. The arc length
from A to B is 0.2m.
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is a result of the rather large amount of meridional waviness
evident in Fig. 11 compared with that for similar distributions
of force actuators as shown in Fig. 8a. The fact that there
appear to be lower amplitude circumferential ripples in the
case of moment actuation probably results from use of only
20 Fourier harmonics to represent the circumferential
variation of each applied moment pair. Had 40 cir-
cumferential harmonics been used, the diamonds in Fig. 10
corresponding to more than 80 actuators would have been
slightly higher. The difference would not have been so great as
for the force actuation because the level of error due to
meridional ripple is already quite high and would not have
increased much. The conclusion from these calculations is
that self-equilibrating moment actuators are not as efficient as
force actuators for situations similar to that studied here.

Conclusions
In this paper, a continuation of Ref. 1, the rms residual

surface figure error is calculated as a function of the number
and distribution of actuators for sandwich and monocoque
shells, a sandwich flat plate, force and self-equilibrating
moment actuators, and two initial distortions, one resulting
from nonuniform temperature and the other prescribed in the
form of certain Zernike polynomials. It is found that as the
number of actuators is increased, determination of the

residual error requires the use of an increasing number of
circumferential harmonics in the Fourier series representation
of the concentrated actuator forces or moments. Self-
equilibrating moment actuators are not as effective as force
actuators for the control of surface quality. Given a wall
thickness, sandwich construction is better than monocoque
because the higher ratio of bending stiffness to extensional
stiffness of the sandwich leads to smaller residual errors with
less pronounced local ripples. Of course, the sandwich shell is
also less massive and the actuator forces required to coun-
teract the initial error are smaller.
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